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BINDING ENERGY OF HOMOGENEOUS BOSE GAS
PHAN THA`NH NAM
Abstract. We compute the energy needed to add or remove one par-
ticle from a homogeneous system of N bosons on a torus. We focus on
the mean-field limit when N becomes large and the strength of particle
interactions is proportional to N−1, which allows us to justify Bogoli-
ubov’s approximation.
1. Introduction
In 1947, Bogoliubov [3] proposed an important approximation theory for
the low-energy behavior of weakly interacting Bose gases. Bogoliubov’s
approximation has been justified rigorously in many cases, including the
ground state energy of one and two-component Bose gases [9, 10, 14], the
Lee-Huang-Yang formula of dilute gases [5, 6, 15], and the excitation spec-
trum of mean-field Bose gases [13, 7, 8, 4, 11].
In this note, we shall show that Bogoliubov’s approximation can be used
to compute the binding energy, which is the energy needed to add or remove
one particle from the system. An interesting feature of our calculation is that
the difference between two quantities can be computed up to an accuracy
which goes beyond the separate knowledge of each quantity.
We consider a homogeneous system of N bosons on the unit torus Td,
d ≥ 1. The system is governed by the Hamiltonian
Hλ,N =
N∑
j=1
−∆xj + λ
∑
1≤j<k≤N
w(xj − xk)
which acts on the bosonic Hilbert space
HN = L2sym((Td)N ).
Here the kinetic operator −∆ is the usual Laplacian (with periodic boundary
condition). The interaction potential w : Td → R is an even, bounded
function with nonnegative Fourier transform
ŵ(p) =
∫
Td
w(x)e−ip·xdx ≥ 0, ∀p ∈ (2πZ)d.
The parameter λ > 0 stands for the strength of interactions. We will focus
on the weak interaction/mean-field regime
λ ∼ N−1.
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Let E(λ,N) be the ground state energy of Hλ,N . It was proved in [13]
that when N →∞ and λN → 1,
E(λ,N) =
λ
2
N(N − 1)ŵ(0) + eB + o(1) (1)
where
eB = −1
2
∑
p∈(2πZ)d\{0}
(
|p|2 + ŵ(p)−
√
|p|4 + 2|p|2ŵ(p)
)
. (2)
Note that the sum in (2) is finite since the summands is smaller than |ŵ(p)|2.
In fact, eB is the ground state energy of a quadratic Hamiltonian obtained
from Bogoliubov’s approximation (as we will explain). The energy expan-
sion (1) was proved later in [8] by a different method, which gives also the
convergence of the ground state. See also [7, 11, 4, 12, 2] for related results.
In this note, we are interested in the binding energy E(λ,N−1)−E(λ,N).
From (1), one gets immediately that
E(λ,N)− E(λ,N − 1) = λ(N − 1)ŵ(0) + o(1). (3)
Our new result is the next order expansion in (3). We have
Theorem 1 (Binding energy). When N →∞ and λN → 1, we have
E(λ,N) −E(λ,N − 1) = λ(N − 1)ŵ(0) + 1
N
eB −∑
p 6=0
|p|2α2p
1− α2p
+ o(1)
 (4)
where
αp =
ŵ(p)
p2 + ŵ(p) +
√|p|4 + 2|p|2ŵ(p) . (5)
The proof of Theorem 1 is based on a trial state argument inspired from
the study in [1] on the ionization energy of bosonic atoms. While the analysis
in [1] focuses on the leading order, here we can go to the next order by a
careful analysis using Bogoliubov’s approximation.
Note that for the homogeneous Bose gas, the condensate is described
by the constant function and this enables several simplifications. We leave
open the question of generalizing Theorem 1 to inhomogeneous systems. See
Section 5 for further discussion.
The rest of the note is organized as follows. In Section 2 we will quickly
recall Bogoliubov’s approximation. In Section 3 we give a short proof of (1),
using ideas from [13, 8] with some simplifications. Then we prove Theorem
1 in Section 4. Further extension is discussed in Section 5.
Acknowledgement. I would like to thank Mathieu Lewin and Robert
Seiringer for helpful discussions.
2. Bogoliubov approximation
It is convenient to turn to the grand canonical setting. Let us introduce
the Fock space
F = C⊕H⊕H2 ⊕ · · · =
∞⊕
n=0
Hn.
3Let a∗p = a
∗(up) and ap = a(up) be the usual creation and annihilation
operators on Fock space with up(x) = e
ipx, p ∈ (2πZ)d. They satisfy the
canonical commutation relation (CCR)
[ap, aq] = 0 = [a
∗
p, a
∗
q ], [ap, a
∗
q ] = δp,q. (6)
Henceforth, we denote
[A,B] = AB −BA.
We can extend Hλ,N to a grand canonical Hamiltonian on Fock space as
Hλ =
∑
p
|p|2a∗pap +
λ
2
∑
p,q,ℓ
ŵ(ℓ)a∗p−ℓa
∗
q+ℓapaq. (7)
Here the sums are always taken over the momentum space (2πZ)d.
Bogoliubov’s approximation consists of two simplifications. First, sub-
stituting all operators a0 and a
∗
0 in (7) by the scalar number
√
N 1 (this
so-called c-number substitution is motivated by the Bose-Einstein condensa-
tion 〈a∗0a0〉 ∼ N). Second, ignoring all interaction terms which are coupled
with constants λ
√
N or λ (because λ ∼ N−1). All this leads to the formal
expression
Hλ ≈ 1
2
λN(N − 1)ŵ(0) +HB (8)
where HB is the quadratic Hamiltonian (so-called Bogoliubov Hamiltonian)
HB =
∑
p 6=0
((
|p|2 + ŵ(p)
)
a∗pap +
1
2
ŵ(p)
(
a∗pa
∗
−p + apa−p
))
.
Note that HB can be restricted naturally to the Fock space of excited
particles
F+ = C⊕H+ ⊕H2+ ⊕ · · · =
∞⊕
n=0
Hn+, H+ = {u0}⊥.
A fundamental fact observed by Bogoliubov [3] is that the quadratic
Hamiltonian HB is diagonalizable. More precisely, we can write
HB = eB +
∑
p 6=0
epc
∗
pcp (9)
where eB is given in (2), ep is the elementary excitation
ep =
√
|p|4 + 2|p|2ŵ(p)
and cp is the modified annihilation operator
cp =
ap + αpa
∗
−p√
1− α2p
(10)
(with αp defined by (5)). Consequently, eB is the ground state energy of
HB. Moreover, HB has a unique ground state
Φ(1) = UB|0〉 ∈ F+ (11)
1Strictly speaking, for a∗0a
∗
0a0a0 we should rewrite it as (a
∗
0a0)
2
−a
∗
0a0 before doing the
substitution
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where |0〉 = 1 ⊕ 0 ⊕ 0 · · · is the vacuum state in Fock space and UB is a
unitary operator on F+ satisfying
U∗BcpUB = ap, U
∗
BapUB =
ap − αpa∗−p√
1− α2p
∀p 6= 0. (12)
In the next section, we will justify (8) rigorously, and in particular give a
proof of (1).
3. Ground state properties
In our proof of Theorem 1, we need not only the convergence of energy
(1) but also the convergence of ground state. To discuss the latter, as in [8],
we introduce the unitary operator
UN : HN → F≤N+ =
N⊕
n=0
Hn+
which is defined by
UN =
N∑
j=0
Q⊗j
(
a
N−j
0√
(N − j)!
)
, U∗N =
N⊕
j=0
(
(a∗0)
N−j√
(N − j)!
)
. (13)
Here Q = 1 − |u0〉〈u0|. The role of UN is to implement the c-number
substitution. To be precise, we have the identities (see [8, Proposition 4.2])
UNa
∗
papU
∗
N = a
∗
pap, UNa
∗
pa0U
∗
N = a
∗
p
√
N −N+, ∀p 6= 0, (14)
In this section, we recall the following results, taken from [13] and [8].
Theorem 2 (Ground state properties). When N → ∞ and λN → 1, then
(1) holds true. Moreover, if ΨN is the ground state of Hλ,N and Φ
(1) is the
ground state of the Bogoliubov Hamiltonian HB, then UNΨN → Φ(1) in the
quadratic form domain of HB.
For the reader’s convenience, we will give a simplified proof of Theorem
2 below. Some parts of the proof will be needed for the proof of Theorem 1.
Note that by subtracting w by a constant, we can always assume that
ŵ(0) = 0. (15)
Let us start with a preliminary result.
Lemma 3 (Number of excited particles). Let N+ =
∑
p 6=0 a
∗
pap. If ΨN is
the ground state of Hλ,N , then
〈ΨN ,N k+ΨN 〉 ≤ C, k = 1, 2.
Proof. First, the variational principle gives us immediately the upper bound
〈ΨN ,Hλ,NΨN 〉 = Eλ,N ≤ 〈1,Hλ,N1〉 = 0. (16)
5On the other hand, since ŵ ≥ 0 we have∑
1≤j<k≤N
w(xj − xk) = 1
2
N∑
j,k=1
w(xj − xk)− N
2
w(0)
=
∑
p∈(2πZ)d
ŵ(p)
2
∣∣∣∣∣∣
N∑
j=1
eipxj
∣∣∣∣∣∣
2
− N
2
w(0) ≥ −N
2
w(0).
Thus
Hλ,N ≥
∑
p∈(2πZ)d
|p|2a∗pap −
λN
2
w(0) ≥ (2π)2dN+ − C. (17)
From (16) and (17), we obtain
|E(λ,N)| ≤ C and 〈ΨN ,N+ΨN 〉 ≤ C. (18)
Now we are going to control N 2+. Since ΨN is a ground state of Hλ,N , it
solves the Schro¨dinger equation
Hλ,NΨN = E(λ,N)ΨN .
Consequently, we get the identity〈
ΨN ,N+
(
Hλ,N − E(λ,N)
)
N+ΨN
〉
= −
〈
ΨN ,N+[Hλ,N ,N+]ΨN
〉
. (19)
The left side of (19) can be estimated using (17) and (18) as〈
ΨN ,N+
(
Hλ,N − E(λ,N)
)
N+ΨN
〉
≥
〈
ΨN ,
(
(2π)2N 3+ − CN 2+
)
ΨN
〉
. (20)
For the right side of (19), we use (7) and the CCR (6) to write
N+[Hλ,N ,N+] = λ
2
∑
ℓ 6=0
∑
p,q
ŵ(ℓ)N+[a∗p−ℓa∗q+ℓapaq,N+]
=
λ
2
∑
ℓ 6=0
ŵ(ℓ)N+
(
2a∗0a
∗
0aℓa−ℓ − 2a∗−ℓa∗ℓa0a0
)
+
λ
2
∑
ℓ 6=06=p 6=ℓ
ŵ(ℓ)N+
(
a∗p−ℓa
∗
0apa−ℓ − a∗p−ℓa∗ℓapa0
)
+
λ
2
∑
ℓ 6=06=q 6=−ℓ
ŵ(ℓ)N+
(
a∗0a
∗
q+ℓaℓaq − a∗−ℓa∗q+ℓa0aq
)
. (21)
Now we take the expectation against ΨN and estimate. For the first term
on the right side of (21), by the Cauchy–Schwarz inequality, we get∣∣∣∣∣∣
〈
ΨN ,
∑
ℓ 6=0
ŵ(ℓ)N+a∗0a∗0aℓa−ℓΨN
〉∣∣∣∣∣∣ ≤
∑
ℓ 6=0
‖a0a0N+ΨN‖ |ŵ(ℓ)| ‖aℓa−ℓΨN‖
≤ ‖a0a0N+ΨN‖
∑
ℓ 6=0
|ŵ(ℓ)|2
1/2∑
ℓ 6=0
‖aℓa−ℓΨN‖2
1/2 ≤ CN〈ΨN ,N 2+ΨN 〉.
6 P. T. NAM
Here we have used a∗0a0 ≤ N on HN and
∑ |ŵ(ℓ)|2 = ‖w‖2L2 <∞. Similarly,
for the second term, we have∣∣∣∣∣∣
〈
ΨN ,
∑
ℓ 6=0
ŵ(ℓ)N+a∗−ℓa∗ℓa0a0ΨN
〉∣∣∣∣∣∣ =
∣∣∣∣∣∣
〈
ΨN ,
∑
ℓ 6=0
ŵ(ℓ)a∗−ℓa
∗
ℓ(N+ + 2)a0a0ΨN
〉∣∣∣∣∣∣
≤ ‖(N+ + 2)a0a0ΨN‖
∑
ℓ 6=0
|ŵ(ℓ)|2
1/2∑
ℓ 6=0
‖aℓa−ℓΨN‖2
1/2
≤ CN〈ΨN , (N+ + 2)2ΨN 〉.
For the third term, we can bound∣∣∣∣∣∣
〈
ΨN ,
∑
ℓ 6=06=p 6=ℓ
ŵ(ℓ)N+a∗p−ℓa∗0apa−ℓΨN
〉∣∣∣∣∣∣
≤
∑
ℓ 6=06=p 6=ℓ
|ŵ(ℓ)|‖a0ap−ℓN+ΨN‖‖apa−ℓΨN‖
≤
 ∑
ℓ 6=06=p 6=ℓ
|ŵ(ℓ)|2 ‖a0ap−ℓN+ΨN‖2
1/2 ∑
ℓ 6=06=p 6=ℓ
‖apa−ℓΨN‖2
1/2
≤ CN1/2〈ΨN ,N 3+〉1/2〈ΨN ,N 2+ΨN 〉1/2
and proceed similarly for other terms. Thus in summary, from (21) we get∣∣∣〈ΨN ,N+[Hλ,N ,N+]ΨN〉∣∣∣ ≤ C〈ΨN , (N+ + 2)2ΨN 〉
+CN−1/2〈ΨN ,N 3+〉1/2〈ΨN ,N 2+ΨN 〉1/2. (22)
Here we have used λ ∼ N−1. Inserting (20) and (22) into (19), we obtain〈
ΨN ,
(
(2π)2N 3+ − CN 2+
)
ΨN
〉
≤ C〈ΨN , (N+ + 2)2ΨN 〉
+ CN−1/2〈ΨN ,N 3+〉1/2〈ΨN ,N 2+ΨN 〉1/2.
By the Cauchy-Schwarz inequality and the a-priori estimate 〈ΨN ,N+ΨN 〉 ≤
C in (18), we can conclude that 〈ΨN ,N k+ΨN 〉 ≤ C for k = 1, 2, 3. 
Remark 4. By adapting the above proof we can show that 〈ΨN ,N k+ΨN 〉 ≤
Ck for all k ∈ N. However, having control N 2+ is sufficient for our purpose.
Proof of Theorem 2. Let ΨN be a ground state forHN and let ΦN = UNΨN .
We will prove that
〈ΨN ,Hλ,NΨN〉 = 〈ΦN ,HBΦN〉+ o(1). (23)
As explained, we can assume ŵ(0) = 0. Thus
〈ΨN ,Hλ,NΨN 〉 =
∑
p 6=0
〈ΨN , |p|2a∗papΨN 〉+
λ
2
∑
ℓ 6=0
∑
p,q
ŵ(ℓ)〈ΨN , a∗p−ℓa∗q+ℓapaqΨN 〉.
Note that in the interaction terms, if ℓ 6= 0, then the number of zeros
among 4 numbers p, q, p+ ℓ, q − ℓ is either 0,1 or 2.
7When all numbers p, q, p+ ℓ, q − ℓ are non-zero, we have
λ
2
∣∣∣∣∣∣
〈
ΨN ,
∑
p 6=0,p 6=ℓ,q 6=0,q 6=−ℓ
ŵ(ℓ)a∗p−ℓa
∗
q+ℓapaq
〉∣∣∣∣∣∣
= λ
∣∣∣∣∣∣
〈
ΨN ,
∑
1≤j≤N
(Q⊗QwQ⊗Q)jkΨN
〉∣∣∣∣∣∣
≤ Cλ‖w‖L∞〈ΨN ,N 2+ΨN 〉 ≤ CN−1.
Here we have used
∑N
j=1Qj = N+ on HN and Lemma 3.
When there is exactly one zero among p− ℓ, q+ ℓ, p, q, for example q = 0,
we have
λ
∣∣∣∣∣∣
∑
p 6=06=ℓ 6=p
ŵ(ℓ)〈ΨN , a∗p−ℓa∗ℓapa0ΨN 〉
∣∣∣∣∣∣
≤ λ
 ∑
p 6=06=ℓ 6=p
‖ap−ℓaℓΨN‖2
2 ∑
p 6=06=ℓ 6=p
|ŵ(ℓ)|2‖apa0ΨN‖2
2
≤ Cλ〈ΨN ,N+ΨN 〉1/2〈ΨN ,NN+ΨN 〉1/2 ≤ CN−1/2. (24)
Thus only the interactions terms with two zeros among p − ℓ, q + ℓ, p, q
have important energy contribution. In other words, we have proved that
〈ΨN ,Hλ,NΨN 〉 =
∑
p 6=0
〈
ΨN , |p|2a∗papΨN
〉
+O(N−1/2) (25)
+
λ
2
∑
p 6=0
ŵ(p)
〈
ΨN , (2a
∗
papa
∗
0a0 + a
∗
pa
∗
−pa0a0 + a
∗
0a
∗
0apa−p)ΨN
〉
.
Now using ΦN = UNΨN and (14), we can translate (25) into
〈ΨN ,Hλ,NΨN 〉 = 〈ΦN ,HBΦN 〉+
∑
p 6=0
ŵ(p)
〈
ΦN , a
∗
pap
(
λN − λN+ − 1
)
ΦN
〉
+Re
∑
p 6=0
ŵ(p)
〈
ΦN , a
∗
pa
∗
−p
(
λ
√
(N −N+)(N −N+ − 1)− 1
)
ΦN
〉
+O(N−1/2).
(26)
Next, from (14) and Lemma 3 we have
〈ΦN ,N k+ΦN 〉 = 〈ΨN ,N k+ΨN 〉 ≤ C, k = 1, 2. (27)
Therefore, using 0 ≤ ŵ(p) ≤ C and λN → 1, we can estimate∣∣∣∣∣∣
∑
p 6=0
ŵ(p)
〈
ΦN , a
∗
pap
(
λN − λN+ − 1
)
ΦN
〉∣∣∣∣∣∣
≤
∑
p 6=0
ŵ(p)
〈
ΦN , a
∗
pap
(
|λN − 1|+ CN−1N+
)
ΦN
〉
≤ C|λN − 1|〈ΦN ,N+ΦN 〉+ CN−1〈ΦN ,N 2+ΦN 〉 = o(1). (28)
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Moreover, using the operator inequality∣∣∣λ√(N −N+)(N −N+ − 1)− 1∣∣∣2 ≤ ∣∣λ2(N −N+)(N −N+ − 1)− 1∣∣2
≤ C
(
|λ2N2 − 1|2 + (N+ + 1)2
)
on F≤N+ and the Cauchy–Schwarz inequality, we can estimate∣∣∣∣∣∣
∑
p 6=0
ŵ(p)
〈
ΦN , a
∗
pa
∗
−p
(
λ
√
(N −N+)(N −N+ − 1)− 1
)
ΦN
〉∣∣∣∣∣∣
≤
∑
p 6=0
‖apa−pΦN‖2
1/2∑
p 6=0
|ŵ(p)|2
1/2×
×
∥∥∥(λ√(N −N+)(N −N+ − 1)− 1)ΦN∥∥∥
≤ C 〈ΦN ,N 2+ΦN〉1/2 〈ΦN ,(|λ2N2 − 1|2 + (N+ + 1)2)ΦN〉 = o(1). (29)
Inserting (28) and (29) into (26), we obtain (23).
From (23), we deduce immediately the lower bound
E(λ,N) = 〈ΨN ,HNΨN 〉 = 〈ΦN ,HBΦN 〉+ o(1) ≥ eB + o(1). (30)
Now we turn to the upper bound. Recall that the ground state Φ(1) of HB
satisfies (11)-(12). It is straightforward to check that if 1≤N is the projection
onto F≤N+ , then
‖1≤NΦ(1)‖ → 1, 〈1≤NΦ(1),HB1≤NΦ(1)〉 → eH
and
〈1≤NΦ(1),N k+1≤NΦ(1)〉 ≤ 〈Φ(1),N k+Φ(1)〉 ≤ C, k = 1, 2.
Therefore, by repeating the proof of (23) with ΨN replaced by Ψ˜N = U
∗
N Φ˜N
we obtain the upper bound
E(λ,N) ≤ 〈Ψ˜N ,HN Ψ˜N 〉‖Ψ˜N‖2
=
〈Φ˜N ,HBΦ˜N 〉+ o(1)
‖Φ˜N‖2
= eB + o(1). (31)
Combining (30) and (31), we conclude that (1) holds true and
〈ΦN ,HBΦN 〉 → eB. (32)
Since HB has a spectral gap to the ground state energy eB, which can be
seen from (9), we deduce from (32) that ΦN → Φ(1) in the quadratic form
domain of HB. 
4. Binding energy
Now we are ready to provide the
Proof of Theorem 1. Subtracting w by a constant if necessary, we can as-
sume that ŵ(0) = 0. Recall that Hλ,N can be extended to Fock space as
Hλ =
∑
p
|p|2a∗pap +
λ
2
∑
ℓ 6=0
∑
p,q
ŵ(ℓ)a∗p−ℓa
∗
q+ℓapaq. (33)
9Lower bound. Let ΨN be the ground state of Hλ,N and denote ΦN =
UNΨN . Using the Schro¨dinger equation
HλΨN = E(λ,N)ΨN
and the variational inequality
E(λ,N − 1) ≤ 〈a0ΨN ,Hλa0ΨN 〉‖a0ΨN‖2
we obtain the lower bound
E(λ,N) −E(λ,N − 1) ≥ 〈a
∗
0a0ΨN ,HλΨN 〉
‖a0ΨN‖2 −
〈a0ΨN ,Hλa0ΨN 〉
‖a0ΨN‖2
=
〈ΨN , [Hλ, a∗0]a0ΨN 〉
‖a0ΨN‖2 . (34)
Let us estimate the right side of (34). By Lemma 3,
‖a0ΨN‖2 = N − 〈ΦN ,N+ΦN〉 = N +O(1). (35)
Moreover, from (33) and the CCR (6),
[Hλ, a
∗
0]a0 =
λ
2
∑
ℓ 6=0
∑
p,q
ŵ(ℓ)a∗p−ℓa
∗
q+ℓ[apaq, a
∗
0]a0
=
λ
2
∑
ℓ 6=0
∑
p,q
ŵ(ℓ)a∗p−ℓa
∗
q+ℓ(apδq,0 + aqδp,0)a0
= λ
∑
p 6=0
ŵ(p)
(
a∗papa
∗
0a0 + a
∗
pa
∗
−pa0a0
)
+ λ
∑
p 6=06=ℓ 6=p
ŵ(ℓ)a∗p−ℓa
∗
ℓapa0.
Next, we take the expectation again ΨN . From the estimates (24), (28) and
(29) in the proof of Theorem 2, we have
λ
∣∣∣∣∣∣
∑
p 6=06=ℓ 6=p
ŵ(ℓ)
〈
ΨN , a
∗
p−ℓa
∗
ℓapa0ΨN
〉∣∣∣∣∣∣ ≤ CN−1/2
and
λ
∑
p 6=0
ŵ(p)
〈
ΨN ,
(
a∗papa
∗
0a0 + a
∗
pa
∗
−pa0a0
)
ΨN
〉
=
∑
p 6=0
ŵ(p)
〈
ΦN ,
(
a∗pap + a
∗
pa
∗
−p
)
ΦN
〉
+ o(1).
Therefore,
〈ΨN , [Hλ, a∗0]a0ΨN 〉 =
∑
p 6=0
ŵ(p)
〈
ΦN ,
(
a∗pap + a
∗
pa
∗
−p
)
ΦN
〉
+ o(1). (36)
From (34), we know that 〈ΨN , [Hλ, a∗0]a0ΨN 〉 is a real number. Therefore,
we can rewrite (36) as
〈ΨN , [Hλ, a∗0]a0ΨN〉 =
∑
p 6=0
ŵ(p)
〈
ΦN ,
(
a∗pap +
1
2
a∗pa
∗
−p +
1
2
apa−p
)
ΦN
〉
+ o(1)
= 〈ΦN ,HBΦN〉 −
∑
p 6=0
〈ΦN , |p|2a∗papΦN 〉+ o(1). (37)
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Recall that
〈ΦN ,HBΦN 〉 → eB
(see (32)) and ΦN converges to the ground state Φ
(1) of HB in the quadratic
form domain of HB. On the other hand, by a calculation similar to (9) with
w replaced by 2w, we have
1
2
∑
p 6=0
|p|2a∗pap +
∑
p 6=0
ŵ(p)
(
a∗pap +
1
2
a∗pa
∗
−p +
1
2
apa−p
)
≥ −1
4
∑
p∈(2πZ)d\{0}
(
|p|2 + 2ŵ(p)−
√
|p|4 + 4|p|2ŵ(p)
)
≥ −C.
Therefore,
HB ≥ 1
2
∑
p 6=0
|p|2a∗pap − C.
Thus
∑
p 6=0 p
2a∗pap is bounded relatively to HB, and hence∑
p 6=0
〈ΦN , |p|2a∗papΦN 〉 →
∑
p 6=0
〈Φ(1), |p|2a∗papΦ(1)〉.
Finally, using (11) and (12), it is straightforward to compute∑
p 6=0
〈
Φ(1), |p|2a∗papΦ(1)
〉
=
∑
p 6=0
|p|2〈0∣∣U∗Ba∗papUB∣∣0〉
=
∑
p 6=0
|p|2
〈
0
∣∣∣∣∣∣
ap − αpa∗−p√
1− α2p
∗ap − αpa∗−p√
1− α2p
∣∣∣∣∣∣ 0
〉
=
∑
p 6=0
|p|2α2p
1− α2p
.
Here the sum is finite because |p|2α2p ≤ |ŵ(p)|2. In summary, from (37) we
deduce that
〈ΨN , [Hλ, a∗0]a0ΨN 〉 = eB −
∑
p 6=0
|p|2α2p
1− α2p
+ o(1). (38)
Inserting (35) and (38) into (34), we arrive that the lower bound
E(λ,N)− E(λ,N − 1) ≥ 1
N
eB −∑
p 6=0
|p|2α2p
1− α2p
+ o(1)
 . (39)
Upper bound. Let ΨN−1 be the the ground state of Hλ,N−1. By the
variational principle, we have
E(λ,N) − E(λ,N − 1) ≤
〈
a∗0ΨN−1,Hλa
∗
0ΨN−1
〉
‖a∗0ΨN−1‖2
−
〈
a0a
∗
0ΨN−1,HλΨN−1
〉
‖a∗0ΨN−1‖2
=
〈ΨN−1, a0[Hλ, a∗0]ΨN−1〉
‖a∗0ΨN−1‖2
. (40)
Using Lemma 3 with ΨN replaced by ΨN−1, we get
‖a∗0ΨN−1‖2 = 1 + ‖a0ΨN−1‖2 = N − 〈ΨN−1,N+ΨN−1〉 = N +O(1). (41)
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Next, we use the identity
a0[Hλ, a
∗
0]− [Hλ, a∗0]a0 = [a0, [Hλ, a∗0]]
=
λ
2
∑
ℓ 6=0
∑
p,q
w(ℓ)[a0, a
∗
p−ℓa
∗
q+ℓ] · [apaq, a∗0]
=
λ
2
∑
ℓ 6=0
∑
p,q
w(ℓ)(a∗p−ℓδq+ℓ,0 + a
∗
q+ℓδp−ℓ,0)(apδq,0 + aqδp,0)
=
λ
2
∑
p 6=0
ŵ(p)
(
a∗pap + a
∗
pa
∗
−p
)
(42)
and take the expectation against ΨN−1. Using (36) and (38) with ΨN re-
placed by ΨN−1 (and ΦN replaced by ΦN−1 = UN−1ΨN−1), we have
〈ΨN−1, [Hλ, a∗0]a0ΨN−1〉 =
∑
p 6=0
ŵ(p)
〈
ΦN−1,
(
a∗pap + a
∗
pa
∗
−p
)
ΦN−1
〉
+ o(1)
= eB −
∑
p 6=0
|p|2α2p
1− α2p
+ o(1).
Therefore, from (42) it follows that
〈ΨN−1, a0[Hλ, a∗0]ΨN−1〉 = 〈ΨN−1, [Hλ, a∗0]a0ΨN−1〉
+
λ
2
∑
p 6=0
ŵ(p)
〈
ΦN−1,
(
a∗pap + a
∗
pa
∗
−p
)
ΦN−1
〉
=
(
1 +
λ
2
)(
eB −
∑
p 6=0
|p|2α2p
1− α2p
+ o(1)
)
= eB −
∑
p 6=0
|p|2α2p
1− α2p
+ o(1). (43)
Here we have used λ ∼ N−1 in the latter estimate.
Inserting (41) and (43) into (40) we obtain the upper bound
E(λ,N)− E(λ,N − 1) ≤ 1
N
eB −∑
p 6=0
|p|2α2p
1− α2p
+ o(1)
 . (44)
The desired result (4) follows from (39) and (44). 
5. Extension
It is natural to ask for an extension of Theorem 1 to the more general case.
To be precise, let us consider a system of N bosons in Ω ⊂ Rd described by
the Hamiltonian
Hλ,N =
N∑
i=1
Ti + λ
N∑
i<j
w(xi − xj)
on L2sym(Ω
N ). Here T > 0 is a self-adjoint operator on L2(Ω), w : Rd → R is
an even function bounded relatively to T and λ ∼ N−1. A typical example
is Ω = R3, T = −∆+ V (x) is w(x) = |x|−1.
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In principle, the condensate u0 is the minimizer of the Hartree functional
EH(u) = 〈u, Tu〉+ λ(N − 1)
2
∫∫
|u(x)|2w(x− y)|u(y)|2dxdy.
Consequently, it solves the Euler-Lagrange equation
(T + |u0|2 ∗ w − µH)u0 = 0 (45)
with some constant µH ∈ R (the chemical potential).
Following the strategy in Section 4, we extend Hλ,N to Fock space as
Hλ =
∑
m,n
〈um, Tun〉a∗man +
1
2
〈um ⊗ un, wup ⊗ uq〉a∗ma∗napaq
where {un}∞n=0 is an orthonormal basis for L2(Ω) and an = a(un). Similarly
to (34), we have
E(λ,N) − E(λ,N − 1) ≥ 〈ΨN , [Hλ, a
∗
0]a0ΨN 〉
‖a0ΨN‖2 . (46)
Note that ‖a0ΨN‖2 = N + o(N) because u0 is the condensate. However,
if we calculate 〈ΨN , [Hλ, a∗0]a0ΨN 〉, then beside the terms similar to the
homogeneous case, we have the new terms
A =
∑
n 6=0
(
〈un, Tu0〉〈ΨN , a∗na0ΨN 〉+2λ〈un, (|u0|2∗w)u0〉〈ΨN , a∗na∗0a0a0ΨN 〉
)
.
It is not clear to us whenever A is small, namely of order o(1). Heuristi-
cally, if we use Bogoliubov’s c-number substitution and equation (45), then
we arrive at the approximation
A ≈ −
√
N
∑
n 6=0
〈un, Tu0〉〈ΦN , a∗nΦN〉. (47)
where ΦN = UNΨN with UN defined in (13). On the right side of (47), if
we replace ΦN by the ground state Φ
(1) of the Bogoliubov Hamilonian, then
we obtain 0 since Φ(1) is a quasi-free state. However, to prove rigorously
that A is of order o(1), we need a very strong quantitative estimate for the
convergence ΦN → Φ(1), which seems out of reach for existing methods.
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